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Abstract
We perform the Hamiltonian analysis of unimodular gravity in terms of the connection repre-
sentation. The unimodular condition is imposed straightforwardly into the action with a Lagrange
multiplier. After classifying constraints into first-class and second-class, the canonical quantization
is carried out. We consider the difference of the corresponding physical states between unimodular
gravity and general relativity.
1 Introduction
Unimodular gravity is a theory of gravity that has a fixed determinant of the four-metric. In this theory,
the cosmological constant appears just as an integration constant [1]. As far as the field equations are
concerned, unimodular gravity describes the same physics as general relativity (GR) at least at the classical
level. However it is not clear whether this equivalence holds at the quantum level [2]. In the path integral
formalism, some positive results for this equivalence have been reported. For example, it has been shown
that both GR and unimodular gravity provide the same divergent contribution within the effective field
theory framework [3–6]. Unimodular gravity has been investigated to solve the cosmological constant
problem and problem of time in quantum gravity [1, 7, 8]. On the other hand, there are also arguments
that unimodular gravity does not contribute to these problems [3, 9].
The connection representation theory is one of the approaches to canonical quantum gravity. This is a
Yang–Mills-like formulation for GR. The fundamental variables of this theory are the Ashtekar–Barbero
connection with the Immirzi parameter β and the densitized triad [10, 11]. In this framework, GR is
described as three constraints, i.e., the Gauss, diffeomorphism and Hamiltonian constraints. This theory
is characterized by whether the Immirzi parameter β is taken to be i (the imaginary unit) or to be real
values.
In the case of β = i, the configuration variable becomes the complex valued self-dual connection.
The advantage of this choice is that the Hamiltonian constraint has a simple form compared to the case
of real values of β and the standard ADM formalism. This facilitates finding physical states that satisfy
quantized first-class constraints. In fact, the Kodama state is known as an exact solution of all constraints
with a non-vanishing cosmological constant for β = i [12]. This state is written as the exponential of the
Chern–Simons functional. The Kodama state is also seen as the WKB state corresponding to de Sitter
spacetime. In spite of having these desired properties, this state has several problems. One of the major
difficulties is that the Kodama state is not normalizable under the naive inner product [13].
In loop quantum gravity (LQG), which has been developed via the connection representation theory,
the Immirzi parameter often takes real values for several technical reasons. The real value of β gives the
real valued connection, and it facilitates to construct a well defined Hilbert space for quantum theory.
However it makes the Hamiltonian constraint more complicated [11, 14].
In this paper, we study unimodular gravity in terms of the connection representation. Especially,
we perform the Hamiltonian analysis in the case of β = i. The reasons why we take β = i are that
the constraint algebra becomes simple and we can expect to find the classical and quantum solutions
of constraints as in the case of GR. While there are several ways to treat unimodular gravity (e.g., the
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Henneaux–Teitelboim model [15]), we focus on the simplest model in which the unimodular condition is
imposed straightforwardly into the action with a Lagrange multiplier. The classical Hamiltonian analysis
of this type of unimodular gravity with the ADM variables has been investigated in [16]. Additionally,
the connection representation theory and LQG based on the Henneaux–Teitelboim model have also been
studied in [8, 17].
We classify the constraints of unimodular gravity into first-class and second-class. Then we proceed
to quantize this theory by implementing the Dirac quantization procedure [18,19]. One of the aims of this
paper is to see how the difference of the constraint algebra between GR and unimodular gravity yields
the difference of the corresponding physical states.
The organization of this paper is as follows. In Sec. 2, we perform the Hamiltonian analysis of
unimodular gravity in the connection representation. Constraints are classified into first-class and second-
class. In Sec. 3, canonical quantization of unimodular gravity is carried out. We propose a state that
satisfies the quantum first-class constraints. This state is constructed from a product of the group delta
functions. In addition, we confirm whether the Kodama state is the physical state of unimodular gravity.
In Sec. 4, we summarize and discuss our results.
We adopt the following notation. Capital Latin letters I , J , · · · ∈ {0, 1, 2, 3} denote Lorentz indices.
Greek letters µ,ν , · · · ∈ {τ , 1, 2, 3} are used as four-dimensional spacetime indices where τ is the time
flow component. Letters i, j, . . . and a,b, · · · ∈ {1, 2, 3} denote three-dimensional internal and spatial
indices respectively. The four-metric signature is (−,+,+,+). We use a unit system in which c = 1.
2 Hamiltonian and constraints
We first consider the Holst action with the Immirzi parameter β as [20]
SH = − 1
2βk
∫
e I ∧ e J ∧
(
RI J − β
2
ϵI JKLR
KL
)
, (1)
where k is the Newton’s constant times 8π , e I is a co-tetrad, RI J is a curvature of the spin connection
ω
I J
µ . To construct the simplest unimodular theory of gravity, we take β to be i (the imaginary unit), and
add the unimodular constraint with a Lagrange multiplier Λ to the action:
S = − 1
2ik
∫
e I ∧ e J ∧
(
RI J − i
2
ϵI JKLR
KL
)
− 1
48k
∫
ΛϵI JKLe
I ∧ e J ∧ eK ∧ eL + 1
2k
∫
d4x Λα , (2)
where α is a fixed scalar density. The variation with respect to Λ gives det e Iµ + α = 0.
The 3 + 1 form of the action under the time gauge e0a = 0 becomes
S =
1
ik
∫
d4x
[
Eai
ÛAia −AiτGi − N aVa − NC −
iΛ
2
(N det e − α)
]
, (3)
where Aia = − 12ϵi jkω jka − iω0ia is a self-dual connection, Aiτ = − 12ϵi jkω jkτ − iω0iτ , det e is a determinant of
eia , E
a
i = (det e)eai is a densitized triad, N a is a shift vector, and N is a lapse function. Furthermore
Gi = − (DaEa)i = −
(
∂aE
a
i + ϵi j
kA
j
aE
a
k
)
, (4)
Va = −Ebi F iba, (5)
C =
i
2 det e
ϵi jkEai E
b
j Fabk , (6)
where F i
ab
= ∂aA
i
b
− ∂bAia + ϵi jkAjaAkb is a curvature of Aia . The conjugate momentum of Aia is (ik)−1Eai .
We define conjugate momenta (times ik) of Aiτ ,N
a ,N ,Λ as πi ,πa ,πN ,πΛ, respectively. These momenta
vanish and yield primary constraints
πi ≈ 0, πa ≈ 0, πN ≈ 0, πΛ ≈ 0, (7)
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where “≈” means weak equality, i.e., equality modulo constraints. The total Hamiltonian is defined
as a combination of the ordinary Hamiltonian and the primary constraints with Lagrange multipliers
vi ,va ,vN and vΛ:
HT(Aia ,Eai ,Aiτ ,πi ,N a ,πa ,N ,πN ,Λ,πΛ)
=
1
ik
∫
d3x
[
AiτGi + N
aVa + NC +
iΛ
2
(N det e − α) +viπi +vaπa +vN πN +vΛπΛ
]
. (8)
In a constrained system, the time evolution of a generic function f of the canonical variables is given
by the Poisson bracket between f and HT, namely, { f ,HT}. Constraints in a theory should hold under
the time evolution. Therefore every constraint has to satisfy the stability condition {C,HT} ≈ 0, where
C is a generic constraint. The stability conditions for the primary constraints (7) require the following
secondary constraints,
{πi ,HT} = −Gi (x) ≈ 0, (9)
{πa ,HT} = −Va (x) ≈ 0, (10)
{πN ,HT} = −Φ(x) = − i
2
(
1
det e
ϵi jkEai E
b
j Fabk + Λ det e
)
≈ 0 , (11)
{πΛ,HT} = −Θ(x) = − i
2
(N det e − α) ≈ 0. (12)
The first three constraints Gi (x),Va (x) and Φ(x) are the Gauss, vector, and Hamiltonian constraints
respectively. These three constraints are in common with the connection representation theory of GR.
The constraint Θ(x) is the unimodular constraint. Let us define the smeared forms of these secondary
constraints with test functions X i , Xa and X as
G[X i ] = 1
ik
∫
d3x X iGi (x), (13)
V [Xa ] = 1
ik
∫
d3x XaVa (x), (14)
Φ[X ] = 1
ik
∫
d3x XΦ(x), (15)
Θ[X ] = 1
ik
∫
d3x XΘ(x). (16)
Useful Poisson bracket relations are given by
{
G[X i ],G[Y j ]} = −G [ϵi jkX jY k
]
, (17){
G[X i ],V [Y a]} = 0, (18){
G[X i ],C[Y ]} = 0, (19){
V [Xa ],V [Yb ]
}
= V
[L ®XY a ] +G
[
XaYbF iab
]
, (20)
{C[X ],C[Y ]} = V
[
X∂bY − Y∂bX
(det e)2 E
a
i E
bi
]
, (21)
where C[X ] = (ik)−1
∫
d3x XC(x), and L ®X is a Lie derivative with respect to Xa . Using the above
relations, we can check the stability of the secondary constraints as
{
G[X i ],HT
} ≈ 0, (22)
{V [Xa ],HT} ≈ 1
2k
∫
d3x Xa (∂aΛ)N det e ≈ 0, (23)
{Φ[X ],HT} ≈ 1
2k
∫
d3x XvΛ det e ≈ 0, (24)
{Θ[X ],HT} ≈ 1
2k
∫
d3x X
[
N
(
3∇aN a
)
det e − i
2
N 2E +vN det e
]
≈ 0. (25)
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Here 3∇aN a = ∂aN a+3Γaab (E)N b and 3Γaab (E) is a three-dimensional Christoffel symbol that is constructed
from Eai . Furthermore
E = 1(det e)2
(
DaE
b
)
i
ϵbcdE
a
j E
ciEd j . (26)
Condition (23) yields a new secondary constraint
Σ[Xa ] = 1
2k
∫
d3x Xa (∂aΛ)N det e ≈ 0. (27)
This constraint implies that Λ is a constant over a three-dimensional space. The stability condition for
Σ[Xa ] becomes
{Σ[Xa ],HT} ≈ 0. (28)
Thus we need no more constraints. Conditions (24) and (25) fix the Lagrange multipliers vΛ and vN as
vΛ = 0, (29)
vN = −N
(
3∇aN a
)
+
i
2 det e
N 2E, (30)
whereas vi and va remain unspecified.
Before checking the constraint algebra, we introduce a spatial diffeomorphism constraint
D[Xa ] = V [Xa ] +G[XaAia] +
1
ik
∫
d3x Xa (πN ∂aN + πΛ∂aΛ) ≈ 0. (31)
This constraint generates spatial diffeomorphism of all dynamical variables, i.e.,{
Aia ,D[Xb ]
}
= L ®XAia ,
{
Eai ,D[Xb ]
}
= L ®XEai , (32)
{N ,D[Xa ]} = L ®XN , {πN ,D[Xa ]} = L ®XπN , (33)
{Λ,D[Xa ]} = L ®XΛ, {πΛ,D[Xa ]} = L ®XπΛ. (34)
The stability condition for D[Xa ] becomes
{D[Xa ],HT} = σ [Xa] = 1
2k
∫
d3x Xa (∂aΛ)α ≈ 0, (35)
where σ [Xa ] is expressed as a combination of constraints:
σ [Xa] = Σ[Xa ] − Θ[Xa∂aΛ] ≈ 0. (36)
We adopt D[Xa ] as an element of the constraints instead of V [Xa ].
Now we consider the classification of the constraints into first-class and second-class. In general, the
first-class constraint CF ≈ 0 satisfies {CF,C} ≈ 0 for every constraint C. On the other hand, the second-
class constraint CS ≈ 0 has at least one weakly non-vanishing Poisson bracket {CS,C} 0 0. We classify
primary constraints (πi ,πa ,πN ,πΛ) and secondary constraints
(
G[X i ],D[Xa ],Φ[X ],Θ[X ], Σ[Xa ]) into
first-class and second-class. The weakly non-vanishing Poisson brackets are
{πN ,Θ[X ]} ≈ − i
2
X det e, (37)
{πΛ,Φ[X ]} ≈ − i
2
X det e, (38)
{πΛ, Σ[Xa ]} ≈ i
2
∂a (XaN det e) , (39)
{D[Xa ],Θ[Y ]} ≈ 1
2k
∫
d3x Xa (∂aY )N det e, (40)
{Φ[X ],Θ[Y ]} ≈ i
4k
∫
d3x XYNE . (41)
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Then πi ,πa and G[X i ] are first-class, and the others are second-class constraints. In order to reduce the
number of the second-class constraints, we modify D[Xa ],Φ[X ] and Σ[Xa ] as
D ′[Xa ] = D[Xa ] + 1
ik
∫
d3x XaN ∂aπN , (42)
Φ
′[X ] = Φ[X ] + 1
2k
∫
d3x
XN
det e
EπN , (43)
Σ
′[Xa ] = σ [Xa ] + Φ′ [N ∂aXa ]
= − 1
2k
∫
d3x X c∂c
(
N
det e
ϵi jkEai E
b
j Fabk
)
+ Θ [Λ (∂aXa )] + 1
2k
∫
d3x
(∂aXa )N 2
det e
EπN , (44)
respectively. ConstraintsD ′[Xa ] andΣ′[Xa ] hold stability conditions {D ′[Xa ],HT} ≈ 0 and {Σ′[Xa ],HT} ≈
0. The stability condition for Φ′[X ] gives
{Φ′[X ],HT} ≈ 1
2k
∫
d3x XvΛ det e ≈ 0, (45)
which again leads to vΛ = 0. Note that Σ
′[Xa ] is locally one constraint rather than three, because this
constraint is parametrized by ∂aX
a . Specifically, the Poisson bracket between Σ′[Xa ] and an arbitrary
function f
(
Aia ,E
a
i ,N ,πN ,Λ,πΛ
)
has the form
{Σ′[Xa ], f } = (∂aXa )д
(
Aia ,E
a
i ,N ,πN ,Λ,πΛ
)
, (46)
where д
(
Aia ,E
a
i ,N ,πN ,Λ,πΛ
)
is an appropriate function.
We again classify primary constraints (πi ,πa ,πN ,πΛ) and secondary constraints
(
G[X i ],D ′[Xa ],
Φ
′[X ],Θ[X ], Σ′[Xa ]) into first-class and second-class. The weakly non-vanishing Poisson brackets are
{πN ,Θ[X ]} ≈ − i
2
X det e, (47)
{πΛ,Φ′[X ]} ≈ − i
2
X det e. (48)
Hence
(
πi ,πa ,G[X i ],D ′[Xa ], Σ′[Xa ]
)
are first-class and (πN ,πΛ,Φ′[X ],Θ[X ]) are second-class con-
straints.
Let us count the local degrees of freedom in configuration space. The variables
(
Aia ,A
i
τ ,N
a ,N ,Λ
)
have 9 + 3 + 3 + 1 + 1 = 17 components. The first-class constraints
(
πi ,πa ,G[X i ],D ′[Xa ], Σ′[Xa ]
)
constrain 3+3+3+3+1 = 13 components. The second-class constraints (πN ,πΛ,Φ[X ],Θ[X ]) constrain
(1 + 1 + 1 + 1)/2 = 2 components. Then the physical degrees of freedom are 17 − 13 − 2 = 2, which is
the number of degrees of freedom of GR. This result is consistent with previous studies of unimodular
gravity within the ADM and the path integral formalism [2, 5].
Using the four second-class constraints (πN ,πΛ,Φ′[X ],Θ[X ]), we can eliminate four variables
πN ,πΛ,Λ,N as
πN = 0,
πΛ = 0,
Λ = − 1(det e)2 ϵ
i jkEai E
b
j Fabk ,
N =
α
det e
. (49)
After these reductions, the first-class constrains D ′[Xa ] and Σ′[Xa ] are reduced to
D ′[Xa ] = V [Xa ] +G [XaAia ] ≈ 0, (50)
Σ
′[Xa ] = − 1
2k
∫
d3x X c∂c
( α
det E
ϵi jkEai E
b
j Fabk
)
≈ 0, (51)
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where det E = (det e)2 is a determinant of Eai . The constraint D ′[Xa ] is the same as the spatial diffeo-
morphism constraint in GR. The constraint (51) implies
α
det E
ϵi jkEai E
b
j Fabk = −αλ, (52)
where λ is an arbitrary spatial constant. Additionally the evolution equation indicates that λ is a spacetime
constant. The non-trivial solutions of the constraints G[X i ] (13), D ′[Xa ] (50) and Σ′[Xa ] (51) are self-
dual solutions that satisfy
Fabi = −λ
6
ϵabcE
c
i . (53)
These solutions are the same as in GR [13] except that λ is unspecified. The total Hamiltonian (8) is also
reduced to
HT(Aia ,Eai ,Aiτ ,πi ,N a ,πa)
=
1
2k
∫
d3x
α
det E
ϵi jkEai E
b
j Fabk +
1
ik
∫
d3x
[
AiτGi + N
aVa +v
iπi + v
aπa
]
. (54)
Unlike GR, the Hamiltonian does not vanish on the constraint surface.
3 Quantum theory
Quantization of a theory that has second-class constraints is carried out by replacing classical Dirac
brackets with quantum commutators [18,19]. Nevertheless, when all dependent variables are eliminated
such as (49), Dirac brackets become equal to Poisson ones. In this case, the quantization is carried out
via replacement of Poisson brackets with commutators. From non-vanishing Poisson bracket relations{
Aiτ (x),
1
ik
πj (y)
}
= δ ijδ
3(x − y), (55)
{
N a(x), 1
ik
πb (y)
}
= δabδ
3(x − y), (56)
{
Aia(x),
1
ik
Ebj (y)
}
= δbaδ
i
jδ
3(x − y), (57)
variables are replaced by quantum operators
Aˆiτ = A
i
τ , πˆi = ~k
δ
δAiτ
, (58)
Nˆ a = N a , πˆa = ~k
δ
δN a
, (59)
Aˆia = A
i
a , Eˆ
a
i = ~k
δ
δAia
. (60)
A physical state Ψ has to satisfy
πˆiΨ = πˆaΨ = 0, (61)
Gˆ[X i ]Ψ = Dˆ ′[Xa ]Ψ = Σˆ′[Xa ]Ψ = 0, (62)
where πˆi , πˆa , Gˆ[X i ], Dˆ ′[Xa ] and Σˆ′[Xa ] are quantized first-class constraints. Conditions (61) imply that
Ψ is independent from Aiτ and N
a , namely,
Ψ = Ψ[Aia] . (63)
Let us consider the following state that is associated with Fab (x) = 0,
ΨG =
∏
x
∏
a,b
δ
(
eFab (x )
)
, (64)
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where δ (•) is a group delta function. We would like to emphasize that this state is originally proposed
in [21] as a physical state of GR without a cosmological constant. This state is gauge invariant since
δ
(
дeFab (x )д−1
)
= δ
(
eFab (x )
)
, (65)
where д is an element of the internal gauge group. Furthermore since Fab (x)δ
(
eFab (x )
)
= 0, remaining
two constraints are also satisfied:
Dˆ ′[Xa ]ΨG = Vˆ [Xa ]ΨG = − 1
ik
∫
d3x Xa Eˆbi Fˆ
i
baΨG = 0, (66)
Σˆ
′[Xa ]ΨG = − 1
2k
∫
d3x X c∂c
α
det Eˆ
ϵi jk Eˆai Eˆ
b
j FˆabkΨG = 0. (67)
Then ΨG satisfies quantized first-class constraints (61) and (62). From (54), the Hamiltonian on the
constraint surface has the form
Hˆ ≈ 1
2k
∫
d3x
α
det Eˆ
ϵi jk Eˆai Eˆ
b
j Fˆabk . (68)
Then we have
HˆΨG = 0. (69)
Hence, if Hˆ does not have negative eigenvalues, this state can be seen as a vacuum state in a sense. Note
that ΨG is not a solution of the constraints in ordinary GR with a non-vanishing cosmological constant.
Because the first-class constraints of GR are G[X i ] (13), D ′[Xa ] (50) and Φ[X ] (15), and ΨG does not
satisfy Φˆ[X ]ΨG = 0.
Finally, we confirm whether the Kodama state is a physical state of unimodular gravity. The Kodama
state is known as the wave functional that satisfies all constraints of GRwith a cosmological constant [12].
The state is expressed as
ΨK = exp
(
6
~kΛGR
YCS
)
, (70)
where ΛGR is the cosmological constant (times 2) in GR and
YCS = −1
2
∫
d3x ϵabc
(
Aiaδi j∂bA
j
c +
1
3
ϵi jkA
i
aA
j
b
Akc
)
, (71)
is the Chern–Simons functional. This state is gauge and spatial diffeomorphism invariant. Moreover it
solves the Hamiltonian constraint of GR as
Φˆ[X ]ΨK = 1
2k
∫
d3x
X√
det Eˆ
ϵi jk Eˆai Eˆ
b
j
(
Fˆabk +
ΛGR
6
ϵabc Eˆ
c
k
)
ΨK = 0, (72)
where we use Eˆai ΨK = − (3/ΛGR) ϵabcFbciΨK. On the other hand, the Kodama state for unimodular
gravity can be described as
Ψ
(UG)
K
= exp
(
6
~kλ
YCS
)
, (73)
where ΛGR in (70) is replaced with an unspecified constant λ. In unimodular gravity, the Hamiltonian
constraint Φ′[X ] is second-class, therefore the physical state is not required to satisfy Φˆ′[X ]Ψ = 0.
Furthermore, the Kodama state does not satisfy Σˆ′[Xa ]Ψ(UG)
K
= 0. Thus, at least in the scheme we
discussed here, the Kodama state is not a physical state in unimodular gravity.
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4 Conclusions
In this paper, we have investigated the full theory of unimodular gravity in terms of the connection
representation. The major differences from GR are that the Hamiltonian constraint (43) belongs to the
second-class and the total Hamiltonian (8) does not vanish on the constraint surface. Although unimodular
gravity and GR have different constraints, both theories share the same classical solutions, namely, the
self-dual solutions. The only difference is that λ in the self-dual solutions (53) of unimodular gravity is
an unspecified constant.
Owing to the simplicity of the constraints for β = i, we have found the state ΨG (64) that satisfies
quantized first-class constraints (61) and (62). Note that if we take β to be real, the Hamiltonian
constraint and Σ′[Xa ] become more complicated. In this case, ΨG would not be regarded as a solution of
the constraints.
Unlike GR, the Kodama state Ψ
(UG)
K
(73) in unimodular gravity is not a solution of the constraints.
The Kodama state in GR is associated with self-dual solutions that satisfy Fabi = − (ΛGR/6) ϵabcEci with
a non-vanishing cosmological constant ΛGR [13], while the state ΨG is associated with Fab = 0 or λ = 0
on the self-dual solutions (53). Therefore, ΨG in unimodular gravity does not correspond to the Kodama
state in GR. If one wants to find a physical state corresponding to the Kodama state in GR, it is necessary
to find a state associated with self-dual solutions with a non-vanishing constant λ. This is left for future
investigation.
The important question is whether unimodular gravity discussed here describes the same physics as
GR at the quantum level. It is not immediately obvious whether the difference of the physical states
between unimodular gravity and GR implies the quantum inequivalence. However, if these two theories
are equivalent at the quantum level, they would give the same physical observables. Within the canonical
quantization framework, physical observables shouldweakly commutewith the first-class constraints [19],
while unimodular gravity and GR provide different first-class constraints. This difference may give rise
to the difference of the corresponding physical observables. Thus, in contrast to the results of previous
works such as [3–6], we can not exclude the possibility of the quantum inequivalence.
It is worthwhile to study the path integral quantization of this type of unimodular gravity. We expect
that we can obtain similar results to previous analysis such as [2, 8]. It would also be interesting to
extend unimodular gravity to the spin foam model that is the discrete path integral based on loop quantum
gravity [22]. Although this extension has been studied on the symmetry reduced cosmological model [23],
the construction of a full theory has not been done yet.
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